I. INTRODUCTION
Inclusive semileptonic decays of the b-quark can be described with a high degree of theoretical precision because nonperturbative effects are suppressed [1] and the b-quark mass is sufficiently large for the perturbative QCD expansion. However, the perturbative calculations are challenging because of the presence of massive propagators of b-and c-quarks. In particular, the O(α 2 s ) corrections to the rate of the decay b → cℓν ℓ have not yet been calculated, although a rather reliable estimate was obtained in [2] . The need for such corrections has been pointed out in connection with a precise determination of the CKM parameter V cb (see, for example, [3] ). Such a calculation requires a generalization of the four-loop studies of µ → eν e ν µ [4] and b → uℓν ℓ [5] to the case of a massive charged particle in the final state and is thus very difficult. One possible approach is to treat that final-state quark mass as a perturbation. In this paper we examine this approach, not with the full problem of the total decay rate, but in one special kinematical configuration: the decay b → cℓν ℓ with the lepton and neutrino escaping with a zero invariant mass, q 2 = 0. We treat the mass ratio
as a small parameter and find several terms of expansion of dΓ(
This work builds on the recent study [6] of the decay t → W b, where an expansion in the W mass was constructed.
In the limit q 2 = 0, massless leptons are produced at rest with respect to each other and the corresponding decay rate may be represented as a product of b decay into a fictitious real massless W -boson and a consequent W decay. The decay amplitude is
where J µ is the quark current. The decay rate of b → Xℓν ℓ may be represented as follows:
Thus dΓ(b → cℓν ℓ )/dq 2 at q 2 → 0 differs from dΓ(b → cW * ) with m(W * ) = 0 by only a constant factor. In this paper we focus on the decay width Γ(b → cW * ) and integrate over final states containing up to two gluons.
To treat virtual and real gluon emission consistently, we take advantage of the optical theorem which connects the b-quark decay rate to the imaginary part of the b-quark self- This paper is organized as follows. In the next section we introduce the notations, discuss the gauge-invariant contributions to the decay rate, and present some technical details of the calculation. In Section III we present the results and combine them with those of Ref. [2] to cover the full range of final state quark mass.
The rate of b → cW * decay may be written as an expansion in the strong coupling constant α s whose coefficients are functions of ρ =
and
is the result corresponding to m c = 0. The second-order correction X 2 may be written as a sum of finite, gauge-invariant combinations: and we neglect it. In SU(3), the color factors are
, and C A = 3. Color factor:
To find X L , X H , X C , X A , and X N A of Eq. (6), we need to consider 39 three-loop diagrams such as those in Fig. 1 , along with 19 one-and two-loop renormalization contributions. The contributing diagrams depend in general on two scales: m b and m c . To account for phenomena at different scales properly, we apply the well-known asymptotic methods. Table I presents contributing momentum regions in one example of a three-loop double-scale topology. In each region loop momenta are either "hard" (|k| ≫ m c ) or "soft" (|k| ∼ m c ), with |p| = m b being a hard momentum, allowing us to Taylor expand the propagators and thus reduce the number of scales to one. For example,
. (7) Table I illustrates the asymptotic expansion process for one of the integrals encountered in this work. In this example, Region 4 involves so-called eikonal integrals, featuring the propagator 2p(k 3 − k 2 ) + i0. Although seemingly double-scale, such integrals only multiplicatively depend on the external momentum p. Care should be taken with eikonal regions, since the integral value may depend on the sign of the contour fixing term i0.
The large number of resulting integrals can be reduced to a small set of "master integrals" (see Ref. [7] for an example of a solution algorithm along with references to earlier work).
Most of the master integrals used in this paper have been described in [6] . An additional master integral corresponds to the topology in Fig. 2 ; for completeness we present here the 
Region 2:
Region 3:
The new master integral of Eq. (8) . The solid and dashed lines correspond to massive and massless propagators, respectively. result using the same notations:
where
is a common loop factor and D = 4 − 2ǫ is the convention used for dimensional regularization . . We have obtained terms up to ρ 9 for the expansions and present here contributions to X 2 through terms of order ρ 3 :
These expansions may be directly compared to expansions around ρ = 1 of [2] as follows:
In [2] corrections from b-and c-quarks were lumped together in ∆ H . Here we divide them up by separating the c contribution in ∆ C (Eq. (A1)). As expected, X C reaches X L in the limit ρ → 0 and X H in the limit ρ → 1.
Plots on Fig For convenience we provide results for a numerical fit providing accuracy better than 0.01 for X L , X C , X A , and X N A , and better than 10 −5 for X H for 0 ≤ ρ ≤ 1: correction to the decay rate Γ(b → cℓν) as an expansion around ρ = 0. Like in the present study, the most challenging hard-scale regions will contribute only to even powers of ρ, with odd powers originating from factorized regions. Assuming this series will converge similarly to the expansion presented here, a 5% accuracy of the complete correction at realistic value ρ = 1 3
will require calculating terms through ρ 4 of the most difficult diagrams. An extension to ρ 5 will require evaluating only factorized diagrams and will likely to improve the accuracy to the level of 3%. This is a challenging but feasible task.
In the future, if the need arises, these expansion techniques could be applied for computing precision rates of other heavy colored particle decays, e.g. squarks, accounting for massdependent effects.
